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Problem Statement
Macroscopic Problem: Find (X))

DivP(#) =0  on Q,
PN =t, on 90",
a=1uy ondNY,
Constitutive Model
P = P(F,p)
ou
F=1+——
T ox
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[Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]
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Problem Statement
Microscopic Problem: Find u(X)
DivP(u) =0 on (2

w=(F-T)X+ w(X)
At A

mean fluctuation
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Neo-Hookean material

W(F,p) =C(Te(F'F) -3 —2In(det F)) + Dy (det F — 1)*

oW _
P(F,p) = OF F' |oading: macroscopic deformation gradient
A(F ) B OP @ parameters: material & geometry
’ll' B aF [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]
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Problem Statement Macroscale
DivP+B =0

Scale Coupling (o) = |Q|—1/ o dV
Q
Hill-Mandel Condition

(P:0F)=P:0F © P A

w =0 on 0f) (KBC) (b)
w periodic on 0f) (PBC) Microscale O
2 %, DivP =0 () e 0
. » ) == ®
Effective Quantities = OO =
P = (P) &
A+ (A)

[Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]
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Problem Statement

- Full two-scale simulations — too expensive
(multi-query contexts: optimization, materials design, etc.)

- Non-intrusive and accurate approximation of the microscopic stress
field for different parameters

- Obtain rapidly effective stress — reducing to a single-scale problem

P(X,F,un), P(F,p)
- Accurate effective stiffness and sensitivities
OP(F,p)  OP(F,p)

A= _
oF O
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Methodology
Intrusive RB Method

Approximate displacement fi

—_————

eld

Yvonnet, J. and He, Q.C., 2007, JCP 223]
Radermacher, A., et al., 2016, AMSES 3(1)]
Hernandez, J. A., et al., 2014, CMAME 276]

Soldner, Dominic, et al., 2017, Comput. Mech. 60(4)]

L
w(X,F,p) ~ Zal(ﬁ’, p)®;(X) = Pa with ®(X) RB basis functions
=1

Reduced problem

f(®a)=0 /’ Need hyperreduction!

D' Df|por| PA = —B7

f(®@a®)

ol = of + Aa
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Hyperreduction
(convergence problems)
Intrusive

(requires access to the
microscopic solver)
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Methodology
[Guo, M. and Hesthaven, J.S., 2018, CMAME 341]

Non_l ntrUSIVe RB MethOd [Kast, M., Guo, M. and Hesthaven, J.S., 2020, CMAME 364]

[Swischuk, Renee, et al., 2019, Comput Fluids 179]
Approximate displacement field

w(X,F,pu) Zal ®;(X) = P with &(X) RB basis functions
Instead of solving reduced For a new pair (F', i), the
system, perform a regression to coefficients accan be directly
obtain obtained

P —=R:(F,pn)— & (F,p)
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Methodology

_ : [Guo, M. and Hesthaven, J.S., 2018, CMAME 341]
Non IntrUSIVe RB MethOd [Kast, M., Guo, M. and Hesthaven, J.S., 2020, CMAME 364]
[Swischuk, Renee, et al., 2019, Comput Fluids 179]
Approximate displacement field

L
w(X,F,p) ~ Zal(ﬁ’, p)®;(X) = Pa with ®(X) RB basis functions
=1

To obtain stresses, gradient of u is Idea: Approximate stress field directly!
needed, and evaluation of the _ L _
constitutive model P(X,F,p)~ Z ay(F, p)Bi(X)
- Intrusive: Need to implement material model =1

- Slow: Need to evaluate material model Nyptimes
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Methodology

Proper Orthogonal Decomposition (POD)

1.  Collect stress snapshots S = [P(l)7 P(Q)7 o P(Npod)}
2.  Compute correlation matrix

Cij = (P(i),P(”) = / P . pllqy
L2(2) Q

3. Compute the eigenvalues A; and eigenvectors Viof C
4.  Compute the basis functions

1 I i=y
B, = —Sv B;, B2 =
= P (X, F,p) = E:ozl X)

[Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]
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[Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Methodology
Effective Quantities

/ B,;(X)dV can be computed offline!
Q

L
P = (P"P) = \9\1/ PRy = ]Q\lzal(F,u)/Bl(X)dV
Q —1 Q

— L
_ P F
=1 "%

OF OF
Sensitivities .
8? _ 804;(13’ LL)
—— = Q! / B;(X)dV ® ’
o =172 [, B o

o o4, (F, ) Od(F,
= Construct &;(F, ), l(gF 'u), léu 2

with Gaussian Process Regression!
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[Guo, M. and Hesthaven, J.S., 2018, CMAME 341]

M Eth Od 0 I Ogy [Rasmussen, C.E., 2003, Summer school on machine learning]

Gaussian Process Regression (GPR)

Given some data {X(i) : y(i)}f\le, we want to find a scalar regression function which is
distributed as a Gaussian Process with zero mean function and kernel kg (X, X')

f~GP(0,ke(X,X"))

Automatic relevance determination (ARD) squared exponential kernel

d
1 X — X})?
ko(X,X') = ofexp —§§ ( 7 3
k=1 k

12  Learning Constitutive Models in Multiscale Modeling of Materials TU/e



[Guo, M. and Hesthaven, J.S., 2018, CMAME 341]

M Eth Od 0 I Ogy [Rasmussen, C.E., 2003, Summer school on machine learning]

Gaussian Process Regression (GPR)

Given some data {X(i) : y(i)}f\le, we want to find a scalar regression function which is
distributed as a Gaussian Process with zero mean function and kernel kg (X, X')

X y) ~ GP(m™, k),
m” (X) — kH(Xa X)Tk9<X7 X)_1Y(X>7
¥ (x,x") = ko(x,xX) — ko(X,x) ko (X, X) 'ko(X, x')

where kg (X, x) = [ko (X, x), ko(XP, %), ..., kg(X™) x)|T
ko (X, X) = [ke(X"W, XU _,

y(X) = [f(XW), F(XP), ..., fXIT
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Nu merica I Exam ples [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Fiber reinforced microstructure LT T
3% \‘\\\-\Y‘IJ‘L‘.J'E A{L;}FJ‘_IJ'{T’/ g
- 4321 eight-node elements with 4 quadrature points iasses g
- Volume fraction of fiber is 12.56% 8 T ,:3
- Matrix material C{"?* = Dt =1 t:E:gl ;g?:
- Fiber material CfP = DI ¢ [50, 150] TR teateited
- Deformations U —1I € [-0.3,0.3]
- 500 training snapshots (Sobol sequence) Biesss HHH
- 1000 testing snapshots (uniformly random) 9o Y
- P-PODGPR Error HPHF B f)RBH ; f,; !‘.‘\ i

€p ‘= = E e
HPHF HF zZ i f,/ ff{{!_rffrffir "}r'll' }I '%_\“\‘\\\ \\\\')_\
- Projection Error —UF  SRB
[P PR W(F, u) = Cy(Te(FTF) — 3 — 21n (det F))

Ep — —
’ [PHE| + Di(det F —1)?
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Nu merica I Exam P Ies [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Fiber reinforced microstructure

POD for different numbers of training snapshots

10*
—— 20 snapshots
10! 50 snapshots
., — 100 snapshots
1077 —— 200 snapshots
Q
% 10-° —— 500 snapshots
g’o - —— 1000 snapshots
2 §
10711
10—14
0 200 400 600 800 1000
L

L
With L = 20, ZN;l = 0.9999

i=1 "\
15  Learning Constitutive Models in Multiscale Modeling of Materials TU/e



Nu merica I Exam P Ies [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Fiber reinforced microstructure

Test error in effective stress for 200 training snapshots

“"_‘\ === Projection error === Projection error
‘ @ P-PODGPR error P-PODGPR error
1072 —r = 5 y
= e
= S 102
= o
= 2|
= 1073
6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
L L
Mean error ~ 0.003 Max error ~ 0.011
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Nu merica I Exam P Ies [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Fiber reinforced microstructure

Test error in effective stress for 500 training snapshots

=== Projection error ~e === Projection error
P-PODGPR error N P-PODGER error
1072 No——g

—
& E 1072
i —
= €3
=
e 1073

6 3 n 12 14 16 18 20 6 3 0w 12 14 16 18 20

L L
Mean error =~ 0.0004 Max error ~ 0.01
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Nu merica I Exam P Ies [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Fiber reinforced microstructure

- Comparison with a neural network (Multilayer Perceptron) that is trained with
pairs of {U®, PN with N = 500 training snapshots

- Trained with Adam optimizer with learning rate of 10_4, batch size of 32and
Mean Squared Error Loss function for different architectures

- ELU activation function was applied after every layer apart from last layer

Architecture Validation Loss en e

Np =1.N, =20 1.7 x 107 0.0077  0.0368
Ny =1.N,, =50 8.55 x 107 0.0056 0.0289
Ny, =2.N,, =20 5.36 x 1077 0.0047 0.0176
Ny, =2, N,, =50 2.97 x 107 0.0039 0.0206
Ny = 2_. N,, = 100 7.91 x 1077 0.0052 0.0315

P-PODGPR outperforms all neural networks, while also being
able to recover the microscopic stress field

18  Learning Constitutive Models in Multiscale Modeling of Materials TU/e



Nu merica I Exam ples [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Two-scale Cook’s membrane problem
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Nu merica I Exam P Ies [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Two-scale Cook’s membrane problem

- 200 four-node elements with 4
guadrature points

- Vertical traction of 0.1on right edge

- Left edge is fixed

- Matrix material C"®* = Dmat — 1

- Fiber material  C!* = Db — 100

- Surrogate model trained with 200
snapshots

- Relative error to compare microscopic 4R
stresses

. O
EPym — |P5wE2 _P;Rm M|/<‘P5xE2|>
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W(F,u) =Ci(Te(F'F) — 3 —2In (det F))

FE2
<\P ) : Averaged absolute stress + Dy (det F — 1)?
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Nu merica I Exam ples [Guo, T., Rokos, 0., and Veroy, K., 2021, CMAME 384]

Two-scale Cook’s membrane problem

Macroscopic stress component P,

-0.09491 -0.09490 2.298e-05

(a) FE? (b) FE with P-PODGPR (c) Relative error
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N u merica I Exa m ples [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Two-scale Cook’s membrane problem

Microscopic stress component P, at point A

1.297e-07

(a) FE2 (b) FE with P-PODGPR (c) Relative error
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N u merica I Exa m ples [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Two-scale Cook’s membrane problem

Microscopic stress component P, at point B

0.06638

0.06911

(a) FE? (b) FE with P-PODGPR (c) Relative error
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Nu merica I Exam P Ies [Guo, T., Rokos, O., and Veroy, K., 2021, CMAME 384]

Two-scale Cook’s membrane problem

FE? FE with P-PODGPR
Snapshot generation - 60 min
POD + GPR - 1 min
Online simulation 4800 min 1 min

= Online speedup of the order of 1000
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Conclusion & Outlook

Summary

* Novel method based on non-intrusive
reduced basis method

* Validated on 2D composite
microstructure and multiscale
application

* High accuracy and online speedup

* Sensitivities are available and can be
used for optimization

Outlook

* Geometrical parameters

* Dissipative constitutive models
(Plasticity, Damage)

* Test on 3D problems

Contact: Ondrej Rokos (o.rokos@tue.nl)
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